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Abstract 
Let S be a nonempty set of vertices of a connected graph G. Then the Steiner distance of S is 
the minimum size (number of edges) of a connected subgraph of G containing S. Let n 3 2 be an 
integer and suppose that G has at least n vertices. Then the Steiner n-distance of a vertex u of G is 
defined to be the sum of the Steiner distances of all sets of n vertices that include C. The Steiner 
n-median M,(G) of G is the subgraph induced by the vertices of minimum Steiner n-distance. 
We show that the Steiner n-median of a tree is connected and determine those trees that are 
Steiner n-medians of trees, and show that if T is a tree with more than n vertices, then 
M,( T ) c M, + 1 (T ). Further, a 0( 1 V( T ) I) algorithm for finding the Steiner n-median of a tree 
T is presented and a 0( n IV(T)I”) algorithm for finding the Steiner n-distances of all vertices in 
tree T is described. For a connected graph G of order p > n, the n-median value of G is the least 
Steiner n-distance of any of its vertices. For p > 2n - 1, sharp upper and lower bounds for the 
n-median values of trees of order p are given, and it is shown that among all trees of a given 
order, the path has maximum n-median value. 
1. Introduction 
Graphs lend themselves as natural models of transportation networks as well as 
communication and computer networks. Consequently, it is natural to study network 
problems such as optimal facility location problems for graphs. In almost all such 
problems, an optimal location is a point that is in some sense central to the network. 
For example, the center of a connected graph is the subgraph induced by those 
vertices for which the distance to the most remote vertex is least, and the median is the 
subgraph induced by those vertices for which the sum of the distances to all of the 
other vertices is least. Any vertex in the center of a graph would be a suitable location 
for an emergency facility, since the distance from the vertex to the furthest vertex from 
it is minimized, whereas a vertex in the median is a good location for a service facility 
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since the average distance from that vertex to all other vertices is minimized. Slater [7] 
has given an overview of a variety of other ways of determining centrality, and he 
introduced and studied some new measures of centrality. 
The concept of distance between two vertices has the following generalizations: For 
a set S of at least two vertices in a connected graph G, the Steiner distance d(S) is 
defined to be the minimum number of edges in a connected subgraph of G that 
contains S. Such a subgraph is necessarily a tree, and we call it a Steiner tree for S. 
Thus, if ISI = 2, then the Steiner distance of S is the usual distance between two 
vertices, and a Steiner tree for S is a shortest path between those vertices. Steiner 
distance has application to multiprocessor communication. For example, suppose the 
primary requirement when communicating a message from a processor P to a collec- 
tion S of other processors is to minimize the number of communication links that are 
used. Then a Steiner tree for SW(P) is an optimal way of connecting these vertices. 
There are efficient algorithms that find the distance between two vertices or between 
the vertices of the entire vertex set. However, if S is a set of n vertices, where 
2 < y1 < ) V(G)J, the only known algorithms that compute the Steiner distance of 
S have complexity which is a polynomial exponential in n. Indeed, it is known that the 
general problem of finding the Steiner distance of a set is NP-hard (see [3]), and 
several heuristics for finding approximations to it have been developed (see Winter [S] 
for an extensive survey). However, if the graph G is a tree, then the Steiner distance of 
any set S and a Steiner tree for S (it is unique) can be found efficiently. 
The n-eccentricity e,(v) of a vertex v in a connected graph G is defined in [2] as 
max{d(S)l S L V(G), v E S, ISI = n}. The n-center C,,(G) is the subgraph induced by 
the vertices of minimum n-eccentricity in G. In general, it appears to be a difficult task 
to find the n-center of a graph. Even though the Steiner distance for a set of vertices in 
a tree can be computed efficiently, the brute-force method of computing the n- 
eccentricity of a vertex and thus the n-center in a tree of order p has complexity O(p”). 
In [6] a linear algorithm for finding the n-center of a tree is developed. 
The concepts of the median of a graph and the Steiner distance of a set of vertices 
motivate yet another measure of centrality in a graph. The Steiner n-distance (n > 2) 
or simply n-distance of a vertex v in a connected graph G on p 3 n vertices is defined 
by d,(o) = x{d(S)lS z I’(G), v E S, ISI = n}. If G is not clear from context, we write 
dg”‘(v) instead of d,(v). The Steiner n-median (or simply n-median) M,(G) of G is the 
subgraph induced by the vertices of minimum n-distance in G. Thus, the 2-median of 
G is its median. (Terminology not given here can be found in [l] .) 
2. The Steiner n-median of a tree 
If T is a tree of order p, then the Steiner n-distance of every vertex v can be 
computed by finding the Steiner distance of every set of n vertices that contains v. This 
procedure has complexity O(p”- ‘). Thus finding the n-median using this brute-force 
method has complexity O(p”). We develop next the theory that allows us to find the 
L. W. Beineke et al. /Discrete Applied Mathematics 68 (1996) 249-258 x1 
n-median in linear time. Throughout this section we will use the following notation: 
With e = uu being a fixed edge of a tree T, T, and T,. will denote the components of 
T - e containing u and o, respectively. Also, we assume n > 2. 
Theorem 1. Let T be a tree of order p > n and let e = uu he an edge qf T. Jf T,, and T, 
hate orders r and s, respectively, then 
Proof. Let C be the collection of all n-element sets of vertices in T. Partition C into 
four classes CU.,,, C,> _L‘, C.,.,, C_,,_,, where each member of C,, c‘ contains both u and 
L’, likewise each member of C,, _c‘ contains tl but not c and so on. If S E C_,, _D, then, by 
definition, S does not contribute to either d,(u) or d,(v). Moreover, if S E C,,,,, then 
S contributes with d(S) to both d,(u) and d,(u). Thus the difference d,(u) - d,(u) is 
influenced by members of the remaining two classes. For a set S,. E C_,,.,.. let 
S, = S,. - {v) + (u) be the corresponding member in C,, _,,. Then 
I 
1 if S,. - {r) c V(T,), 
d(S,.) - d(S,) = - 1 if S,. - CL.) c V(T,), 
0 otherwise. 
The theorem now follows from the fact that there are (:I:) sets S, E C,,.,. such that 
S,. - {ZJ) c V(T,) and (:I:) sets S, E C_,,,, such that S,. - {u} c V(T,). 0 
We observe that the difference d,(v) - d,(u) = (iI i) - (:I i) is 0 if and only if r = s 
or both Y < n and s < n. Therefore, we have the following corollary. 
Corollary 1. Let T be a tree of order p > n and let e = UC be an edge qf T. Let r and s be 
the orders qf T, and T,, respectively. Then d,(u) < d,(u) if and only ifr > s and r 3 n. 
Corollay 2. Let T be a tree of order p 3 n. Zj” vo, ul, , ck is a path in T and 
d,(u,) < d,(c,), then d,,(z;l) < d,(u,) < ... < d,,(uk). 
Proof. Clearly the result will follow if we show that d,(c,) < dn(tiZ). Let To and 
T1 denote the components of T - uovl containing u. and ul, respectively; and 
similarly let T; and T; be the components of T - L’, v2 containing u1 and 02. Further, 
let to, tl, t; and t; denote the corresponding orders of these trees. By Corollary 1, 
to > tl and to 3 n. Note that T; contains To and T, contains T$, each as a proper 
subtree. Hence, r; > r. > t1 > t; and t; 1 to > n so that by Corollary 1, d,(c,) < 
d,,(Q 0 
The following is now an immediate consequence of Corollary 2. 
Corollary 3. The n-median of any tree is connected. 
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Corollary 4. Let T be a tree of order p > n. If T has no edge e = uv for which the orders 
of T, and T, either(i) are equal or (ii) are both less than n, then M,z(T) is a single vertex. 
Proof. The hypotheses imply that no two vertices have equal n-distance. Conse- 
quently, there is only one vertex of minimum n-distance. 0 
Corollary 5. If T is a tree of order at least 2n - 1, then its n-median is either K 1 or K,. 
Proof. By hypothesis, for each edge e, at least one of the two components of T - e has 
order at least n. Therefore, if e = uv is an edge for which d,,(u) = d,(v), the orders of 
T, and T, must be equal. Suppose M,(T) contains three vertices. By Corollary 3, it 
contains a path u, v, ~1 such that the two components of T - uv and the two 
components of T - VW all have the same size, which is clearly impossible. 0 
Theorem 2. A tree H of order k is the n-median of some tree if and only if one of the 
following holds: 
(a) H is K1, 
(b) H is KZ, 
(c) k = n, 
(d) H has at most n - k + 1 end-vertices. 
Proof. First, assume that H is the n-median of some tree T of order p. By Corollary 5, 
if p > 2n - 1, the n-median is K1 or Kz. Hence we assume that p < 2n - 2. 
Suppose that the order of H is not 1,2 or n. Then T must have at least n vertices, but 
it cannot have exactly n vertices, since otherwise H = T and the order of H is n. 
Consequently, T has at least n + 1 vertices. Observe that no end-vertex of T belongs 
to H, for if u is an end-vertex of T and v is adjacent with u, then T, has one vertex and 
T, has at least n vertices which implies d,,(u) > d,,(v). Thus, every end-vertex of H must 
be adjacent with at least one vertex of T not in H, and of course no two end-vertices of 
H are adjacent to the same one. Now suppose that H has at least n - k + 2 
end-vertices, and let u be an end-vertex of H and v the vertex in H adjacent to u. Then 
T, contains k - 1 vertices of H and at least n - k + 1 vertices of T, - H, so the order 
of T, is at least n. This implies that the order of T, is at most II - 2, so by Corollary 1, 
d,(u) > d,(v), which contradicts the fact that both belong to H. 
We conclude with some observations which show that each of the graphs listed is 
the median of some tree. The paths P2n_1 and PZn have n-medians K1 and Kz, 
respectively, and any tree on n vertices is its own n-median. So, let H be a tree of order 
k, where 2 < k -C n, having at most n - k + 1 end-vertices. Construct a tree T by 
adding at each end-vertex of H at least one new vertex, so as to yield 1 V(T )I = n + 1. 
Then T has H as its n-median. 0 
We next construct from a given tree T an auxilliary structure that will be useful in 
determining the n-median. Let T be a tree of order p > n and form the following 
digraph T, called the n-associated digraph, having T as its underlying graph: 
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3. The n-median value of a tree 
U+ig) 
Thus far we have investigated the structure of the n-median of a tree. We now turn 
our attention to the minimum value of the n-distances of the vertices of a graph. In 
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particular, for a connected graph G of order p 3 II, let the n-median value m,(G) be 
defined as min{dl;“‘(v)(v E V(G)}. The next three lemmas are used to establish sharp 
bounds on the n-median value of trees of order p 3 2n - 1. 
Lemma 1. Zf T is a tree of order p > n, then 
m,(T) 3 (n - 1) 
Proof. Let v E M,(T). Then the Steiner distance of any set of n vertices which 
contains v must be at least n - 1. Since there are (:I : ) sets of n vertices in T which 
contain v, 
The bound of Lemma 1 is sharp since m,(K,,,_,) = (n - l)(i_t), where Kr,,_r is 
the star on p vertices. 
The following identity (which can be found in [4] for example), will prove to be 
useful. For integers k, n, r and s, 
$(;)(nTk)=(‘:“) (1) 
Let Tbeatreeoforderpandlete,,e2, . . . ,eP_r be the edges of T with ei = uivi, 
say. Let u be any vertex of T. Let Xi = Xi(U) be the number of vertices in the component 
of T - ei that do not contain v. Let N = (:I:) and let S1, Sz, . , SN be the n-element 
sets of vertices of T that contain u. Suppose Ti is the Steiner tree for Si in T. Then the 
number of Tis to which ej belongs is 
n-l p - Xj - 1 
I( 
Xj 
k=l n-k-l >( 1 k 
So, by (1) the number of times the edge ej is counted in d!‘(v) is (:I:) - (“i” 1’). 
Hence, 
(4 
Before stating the next result we need to introduce some additional terminology. Let 
p B n be an integer. Then we define A,(p) to be the maximum n-median value among 
all trees of order p. 
Let T be a tree and v one of its vertices. If C is a component of T - v, then the 
graph, consisting of C, v and the edge joining v to C is called a branch of T at v. 
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For each edge uv. with x and J’ denoting the orders of T,, and T,.. respectively, 
replace e by 
(a) the single arc u + c if )’ > s and J’ > n. 
(b) the single arc c + ~1 if x > 4’ and s 3 II, 
(c) the double arc II tf ZI (i.e. both u + 11 and L’ + ~1) otherwise. 
Observe that the single arc u + c occurs if and only if d,,(L/) > d,,(c) and the double arc 
II tf 1’ occurs if and only if d,(u) = d,(c). 
With the aid of Corollary 2 it can be shown that if the n-associated digraph 7 has 
(A) double arcs, then the rz-median of T is the subtree H induced by those edges of 
T corresponding to double arcs in T. 
(B) no double arcs, then it has precisely one vertex of out-degree 0 and that vertex is 
the n-median of T. 
We are now prepared to construct an algorithm for finding the n-median of a tree. 
Algorithm. Given a tree T, find its Steiner n-median H. 
Input: An integer 11 > 2 and a tree T of order p. 
Procedure: Construct T (the n-associated digraph of T ). 
If 7 contains double arcs, let H be the subgraph of T induced by these 
arcs. 
Otherwise let H be the unique vertex of T which has out-degree 0 in 7. 
Facts (A) and (B) guarantee the validity of the algorithm. Note that the orders of 
T, and T,., for all edges 11~’ can be determined in O(p) time in total and that the 
complexity of the above algorithm is thus O(p). 
Whereas the above algorithm finds the Steiner n-median of a tree it does not give 
specific values for the Steiner n-distances of the vertices. We now describe an efficient 
procedure for calculating the Steiner n-distances of vertices in trees. Of course this 
procedure will also yield the Steiner n-median of a tree but, as will be shown. its 
complexity is higher than that of the above algorithm. Our procedure will use two 
relationships. The first of these is the result of Theorem 1, which we will restate here 
for convenience: 
(I) If T is a tree of order p > k, if UL’ is an edge of T, and if r and s denote the orders 
of T, and T,.. respectively, then 
This expression enables us to compute the k-distances of all vertices in a tree quite 
readily if just one is known. We now establish the second relationship that is needed. 
(II) Suppose z is a vertex of degree 1 of a tree T of order p and suppose \r is the 
vertex adjacent with z in T. Let T’ = T - z. Let d;(l~) denote the k-distance of 1~ in T’ 
and &(Lv) its k-distance in T. Then 
dk(\l’) = Ll;_ i(M.) + d;(w) + 
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Proof. Partition the k-sets of vertices in T containing w into two sets S1 and S, 
according to whether or not they contain z. The elements of S2 contribute d:(w) to 
dk(w) and since there are (:I:) k-sets of vertices in T containing both w and z, the 
elements of Si contribute d;_,(w) + (:I;) to dk(w). 0 
The n-distance-vector d,(v) of a vertex v in a tree T is the vector (ai, a2, . . . , a,_ 1) 
where ai = di+ 1(v). We can compute this vector in the following way: 
Let T1, T2, . . . , T, be a sequence of trees such that T, = T and Ti_ 1 is obtained 
from Ti by deleting an end-vertex of Ti for 1 < i d p. Let Vi denote the vertex of 
Ti adjacent with the end-vertex that is deleted to produce Tie 1. Use (II) to compute 
the vector for ui in Ti from its vector in Ti_ 1. Next use (I) to compute the vector of all 
other vertices in Ti. 
We illustrate this procedure with n = 3 for the tree in Fig. l(a) where v6 = x4, 
us = x4, v4 = x2, v3 = x2 and v2 = x1 ,. Figs. l(b)(g) illustrate the application of the 
procedure. 
The complexity of computing k-distances for all k < n is 0(np2). To see this 
observe that in Ti each of the i vertices has n values associated with it, each being 
a sum of two or three terms. Thus a total of at most CFCI,3ni computations are 
performed to compute all the k-distance vectors that are needed in the procedure for 
ldk<n. 
The next result establishes a relationship between the n-median and the (n + l)- 
median of a tree. 
Theorem 3. If T is a tree of order p 3 n + 1 3 3, then M,(T) c M,+,(T). 
Proof. We show first that if uv is an edge of T and d,, 1(u) < d,+I(v), then 
d,(u) < d,(v). Let T, and T,, be the components of T - uv which contain u and v, 
respectively, and suppose T, - u has x vertices and T, - v has y vertices. By Theorem 
1, (t) > (i). So x 3 n and x > y. Hence (n-X1) > (,A’,) and thus d,,(u) < d,,(v). Suppose 
there is a vertex w in M,(T) but not in M,+,(T). Let P: vo, vl, . . . ,Q be a shortest 
path from v. = w to a vertex of M,, 1 (T). Then &+r(vk-r) > dn+i(vk) and by 
Corollary 2, d,, 1 (ok) < d, + 1 (vo). However, then dn(vk) < d,(v,), which contradicts the 
fact that w = v. has minimum n-distance. Therefore, M,(T) c AI,+ 1 (T). 0 
To conclude this section we wish to remark that there are other classes of 
graphs, as for example partial 2-trees, Halin graphs, interval graphs and distance 
hereditary graphs for which the Steiner problem has polynomial solutions (that do not 
depend on the cardinality of the set of vertices which is chosen). It would be interesting 
to investigate the complexity of finding the Steiner n-median for such classes of 
graphs. 
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Lemma 2. Let p 3 2n - 1 he an integer. Then 
MP) = WAP,). 
where P, is the path of order p. 
Proof. Let T be a tree of order p such that m,( T ) = A,(p ). Let G E M,( T ). Suppose 
e e2, , e,_ 1 are the edges of T. We first show that every branch of T at c is a path. 
Skppose this is not the case. Then there is a vertex u at which (at least) two branches 
not containing L’ are paths. Let the paths be A: U, n,, u2, , a, and B: U, hI, h2, . , h,. 
Form a new tree T’ by replacing the edge uaI by the edge h,ar. Label the edges of 
T arbitrarily as e,, e2, . . . ,eP_ 1 except that eI, e2, . ,ep are the edges of B in order 
and r,, 1 = uol. Further, label the edges of T’ as e( with eC+ , = bsal and e: = ei 
otherwise. Let .Yi and xl denote the respective number of vertices in the component of 
T - tli and T’ - ei not containing L’. Then xl = x, for i > s and xi = .Y; + I’ for i < s. 
Therefore. by (2) 
5 p-xi-1 
= EN > c _ p-_Y-r-l i=l 11 - 1 II - 1 I 
> 0. 
In the it-associated digraphs T and 7’ the arcs at c are clearly the same, so since 
c’ belongs to the n-median of T it also belongs to the n-median of T’. But this implies 
that the n-median value of T’ is greater than that of T, which contradicts our choice of 
T. Thus, every branch of T at u is a path. 
Suppose now that deg v > 2. Then at most one branch B at c contains another 
n-median vertex; in this case, p is even and B - c contains ip vertices. Otherwise, the 
components of T - v have fewer than $p vertices. 
Case 1: We let p be even and let B be a branch of T at II, having :p vertices besides c. 
Select two other branches B1 and B2 at 2: and apply the procedure that was used to 
show that every branch of T at L‘ is a path; i.e. if u is the end-vertex of T in Bz and IV the 
vertex of B1 adjacent with v, then T’ = T - VW + IN and the tree T’ has greater 
n-median value than T. So Case 1 cannot occur. 
Case 2: Every component of T - v has fewer than $p vertices. Then c is the only 
n-median vertex of T. Label the branches at r as B1, Bz, . . . , Bdr where d = deg I‘, in 
order of decreasing size. Then BluB2 is a path whose length is the diameter of T. The 
procedure used in Case 1 can now be applied to Bz and B3 to obtain a tree T’ having 
an n-median value that exceeds that of T. 
Since both cases lead to a contradiction, we conclude that T is a path. q 
258 L. W. Beineke et al. /Discrete Applied Mathematics 68 (1996) 249-258 
Lemma 3. If P, is a path of order p 2 n, then 
m,(P,) = 
if p is odd, 
Proof. This follows immediately from (2). 0 
Lemmas l-3 now yield the following. 
Theorem 4. If T, is a tree of order p 3 2n - 1, then 
(n - 1) f: 1 ; d mn(Tp) 
( > 
[f p is odd, 
1 
ZP - 1 ( ) n-l if p is even. 
Furthermore, these bounds are sharp. 
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